
Topologia

Lista 5

Zad 1. Prove that a topological space (X, τ) is compact if and only if it satis�es Riesz

condition, that is when: for every family {Ft}t∈T of closed sets⋂
t∈T

Ft = ∅ =⇒ ∃{t1,...,tn}⊂T Ft1 ∩ ... ∩ Ftn = ∅.

Zad 2. Which of the sets X (and Ai in item a)) from Exercise 11 on List 3 are compact.

Zad 3. Show that an image of a compact space under continuous mapping is a compact
space.

Zad 4. Show that every closed subset of a compact space is compact.

Zad 5. Prove that if X a Hausdor� space, then a compact subset of X is closed. Is this
statement true for spaces not satisying the T2-axiom?

Zad 6. Show that any (in�nite) sequence of points in compact Hausdor� space has an
accumulation point.

Zad 7. Show that a compact metric space is complete.

Zad 8. Prove that in a compact metric space (X, ρ) for every ε > 0 there exists ε-net,
that is a �nite set of points Aε = {q1, ..., qk} such that

ρ(x, Aε) < ε, for all x ∈ X.

Zad 9. Show that a compact metric space is bounded.

Zad 10. Prove that a compact metric space is separable.

Zad 11. Show that a topological space with countable basis is separable.

Zad 12. Prove that every metric separable space possess a countable basis

Zad 13. Show that if X is compact, Y is Hausdor� space and f : X → Y is a continuous
surjection, then

i) f is a closed mapping, that is an image of a closed set under f is again closed,

ii) if f is injective then it is a homeomorphism.

Zad 14. Cantor set C is a subset of the unit interval consiting of the numbers of the
following form

t =
t1
3

+
t2
32

+
t3
33

+ ..., tn ∈ {0, 2}.

Show that Cantot set is closed, has no isolated points and its boundary is empty.

Zad 15. Show that a Cantor set is homeomorphic to in�nite cartesian product of the
discrete space of power two:

C ∼= {0, 2} × {0, 2} × {0, 2} × ... .


